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Abstrac$

An
for the

explicit expression is developed
characteristic impedance of a

microwave strip transmission line with
rectanrzular inner conductor of arbitrary
dimensions. The expression is exact fo$
zero thickness and arbitrary width, exact
for zero width and arbitrary thickness,
and quite accurate (within Y3 for the
extreme cases of a square inner conductor
of dimensions about 0.01 of plate separa-
tion, but in most cases of practical
interest within O.V%) throughout the entire
range of thickness and width.
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List of Symbols

parameter related to thickness/sepa-
ration ratio

arbitrary coefficient to be evalu-
at ed

-zp/ G
expansion parameter ~ e

suitably weighted mean of gL and gH

expansion parameter in expression

‘or ‘OH

modulus of elliptic function

modulus of elliptic function

parameter associated with ~

parameter associated with ZL

specially defined function off3

specially defined function offl

elliptic integral

elliptic integral of complement

characteristic impedance of thick
line in free space

upper bound to ‘ZO

lower bound to ZO

characteristic impedance of zero-
thickness line in free space

upper bound to Zoo
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lower bound to ZOO

ratio of thickness of center con-
ductor to separation of ground
planes

dielectric constant of medium
between plates

half-thickness of center conductor

half-width of center conductor

parameter related to p, u, and@

half-separation of ground planes

I. Introduc~

Considerable interest has been shown
of late in so-called “strip’? or “shielded-
strip” transmission lines, consisting of
an inner conductor of rectangular, or
nearly rectangular, cross section placed
symmetrically between two infinite ground-
ed planes. A useful model of such a
transmission line is shown in cross sec-
tion in Fig. 1.

Various approaches to the calculation
of the characteristic impedance of such a
line have been described at this symposium
The approach formin the subject of this
report Ccm.ists of ?1) deriving a rough
formula for characteristic impedance by
taking the harmonic mean of rigorous upper
and lower bounds,l and (2) refining this
expression by requiring it to be identical
with the exact expressions for the two
limiting cases of (a) zero thickness and
arbitrary width and (b) zero width and
arbitrary thickness.

The result is consequently exact for
these two cases. It is extremely accurate
in the low impedance region where the
bounds of Reference 1 are very close to-
gether. Furthermore, since it is exact
fen? the h%gh-impedance limits of zero
thickness and zero width, ft gives a good
account of the impedance throughout i%s
entire range.

II. Derivation of Universal Formula

It was shown in a previous investi~a-
tion2 that rigorous lower and upper limlts
to the characteristic impedance of a strip
transmission line with rectan ular inner

fconductor may be obtained in he respec-
tive forms
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mezoH =
3ox2

l+%
ohms (2.lb)

~q

whera zL and
~

are two parameters related
to the width/ eparation ratio (p/U) and
the thickness/separation ratio

Y
u =fl=l--~’z (2*2)

through the respective equations

(2.3a)

From inspection of Eq. (2.1) it may
bededucedthat$ f’or values of Z. in common
use, ZL and ~ do not differ greatly from
from unity. (For example , values of 1.1
and 0.9, respectively, correspond to imped-
ances of the order of 100 ohms.) Conse-
quently it ts useful to express these two
parameters as

zj~ ‘~ (clef’. of t@ (2.4a)

ql ‘~ (clef. of gH) (2.4b)

snd expand in owers of gL and g ; subst.i-
tituti.ons of (2. a) Into (2.la), a~d (2.4b)

into (2.lb), yield the respective series

so %2

‘OL = 4
+2 -$g~+ . . .

(2.5a)

ln—
gL

and
30%2

Z(,H =

3

(2.5b)

G##-lg;-”o”

Valuable information as to the clirec-
tion in whfch it is most fruitful to pro-
ceed may be obtained from the correspond-
ing expressions for the case of zero
thicknesses there it is found that the
lower and upper limits to, and the exact
expression for, characteristic tmpedance
may be written in series form respectively
as

/qe ZOOL = 30%’

-%~;+$-l f2 + . ..(2a~a)

where

?0 %2

‘+-$-*2.”””
(2.6b)

30$f&J (2.6c)

-30s2

-$+1 f’z + ,.. (2.6d)

k= tanh~ (2.6f)

f - *PSe (2.6g)

In the above zero-thichess cases the
exact value of impedance is rather closely
the harmonic mean of the bounds; accordingl-
y, a similar assumption will be made for
the finite thickness case. and the charac-
teristic impedance will be tent~~~vely ex-
pressed in the form

Gaze= , 2 ,
-+ --A-.._

<z~L ~zoH

30$#

‘~(l$Jlr$H)+(term in g2)+higher te:rms

(2.7)

where g is a quantity of the order of gL
and gH.

Now Eqs. (2.sa) and (2.3b) may be
re-expressed respectively as

-G-%* (2.8a)
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(2.8b)

then, using (2.4),

2( l+gL) P/i%r’&-$@+ ln[~(l l-~p

-(l+ gL)-l
}

(2.9a)

1‘(l- gH) -l’ (2.9b)

A first approximation to the leading term
In the denominator of the right-hand side
of Eq. (2.7) may be obtained by setting gL
= O on the right-hand side of (2.9a), or

g~~ ~= O on the right-hand side of (2.9b),
. ● ?

@(lA+lA-~~+ln[~(l~) - 1]
gL gH

‘( }
‘~ln~B+(l-b2)]-2 (2,10)

+ terms of order ga + higher terms;

the additional terms are of the order of gz
and abeve Pakher than of’ the order of g
due to first-order cancellations of the
type

ln(l+g) + ln(l-g) = (g- ++...)

+(-g.+...) = -g*+ higher terms.

(2.11)

—
-I= terms of order

2
+ hi her terms

whence, if (2.l)~e subs~ituted in%o
(2.7), there results a first approximate
formula for characteristic Impedance:

A--z- ?o$t*

1 41+pq + 2(1-$)1+9‘%4+776

-2(1- g) 1 ]+ terms Of Order g2

7 1-
+ higher terms (2.12)

i.;c4%mL0f2WY~ t$eai%sWh% are‘eg-
J. J. Thomsonk. is obtained, in which end
corrections_for_an Int3nite width line
only are applied.

The first refinement of (2.12) is a
re-expression ,in terms of elliptic ftu3c-
tions9 (with a corresponding change in
the magnitude of the terms In gz and above)

b = 0). L~t an effective width F be
uch that Z is exact for zero thickness

approximately defined through

$= =+f$w.nf+2(l-wn’++ -2(1- @*&l

2
+ t r s in g2 to be determined later
+ Ngl!ler terms (2.13)

From (2.10) It follows that, if g is con-
sidered a suitably weighted average of gL
and gH$

g : e-s~~+ higher terms’ (2.14)

whence, substituting (2.13) and (2.14)
Into (2.12),

<Zo= ?0 2
ln!t+* terms ~’e-2$@/u+ hi h

terms ?2.151

Then comparison of (2.15) with (2.6e) shows

~2.13) is arbitrarily set at (-3/16 )-;an
hat &f the-coefficient of e-’~?$@ In

express~on for characteristic impedance
which Is exact for $ = O 2S

(2.161

As yet the coefficient of g’ in (2.13)
is un e ifi d- the fi st refinemen did
not f!% !!t d?r~ctlv. $he second re~ine-

With the hel of Eq. (2 2 ~, (2.10) maybe
written in tle more use?u form

—. -
ment of the characteristic impedance formu-
la consists in setting the coefficient

I-46



s ch that Z be exact for zero width (p =
Oy . 0 For p = O the5value of F in
Eq. (2.16) must be giv~n by

T?=sinzv= sin2- % (p =0). (2.17)

Consequently, if (2.1s) be re-written as
the definition

F-F+$=+”+$2+ 2(1-9)1+

~!~r~b!?;b;f ~~gst~;
terms neglected then

A(2.18) into con ition
the requirement

& +#2- (2.18)

to&&ik~ ~i?il”ll?i$er
substitution of
(2.17) results in

Consequently, if for simpllc!ity the f%nc-
tions P

L

“ 2(1-@n+
1- 2

1

(2e21a)

and

G($) ~ ~(13) -$ tanh “(sin%)

are defined, then It Is possible to
obta,ln readily the quantity

and then the quantity

- ~ tanh #ak (2.21d)

whence the characteristic Impedance is
given approximately by

(2.21e)

Table I compares the values of’&Zo
for (o/a) = 0.2. 0.5. 1.0 and (~/a). . .
= 0.2, 0~5 computed-by the unive’rs~l
formula (2.21) with bounds and e~~~mates
obtained from previous analyses. The
estimates are as far as can be predicted,
accurate to al least the figures given in
the table. In the region of primary physi-
cal interest the predictions of the uni-
versal formula are accurate to within
about 0.1% or less.

TO test (2.21) under the least favor-
able circumstances three further numerical
calculations were carried out for very
small square inner conductors and the re-
sults compared in Table 11 with those of
Reference 6. The accuracy of the universal
formula in the region of extremely high
impedance may be determined easily by as-
suming p<<u and v<< a in (2.21) ancl in the
results of Reference 6. From (2.21.) it
follows that

i=rfa=~(l$)

Z. = 3oJ~$5~ = 60

’60 ln$ ~,

while from Reference 6

~Po
k=—

2U

20 ’60 In&60 1#
%

whence

it follows that

(Jp<<av +=0
(Ref’.6)

u..-.-? (3.2)
Po

Zo(calc. )=Zo(F(ef.6)+60 la (3.3)

I
p<-=a )
V<<cl )

The difference depends upon the ratio

(v/p)” for the extreme case of v = p,
(p/po~ =0.42355. Hence

Zo(cale. ) - ZO(Ref.6)S60 in—~
0.8471

Zo(calc.) - Zo(Ref.6)3 10 ohms (3.4)
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The maximum ossible error is 10 ohms” from rate formula for thin lines of
inspection o!? !l’able 11 one may conclu~e width is in progress.
that this value is reached for 20 somewhat
larger than 300 ohms. Hence the error for
a square inner conductor reaches a peak of
about 3% at about 300 ohms and then de- 1.
clines; the percentage error for inner con-
ductors of other rectangular cross sections
is less. This error is-inherent in the
linear nature of the expressions used and
cannot be eliminated simply. However? in
a region of such high impedance, Z may be
calculated quickly and accurately ~y the
methods of Reference 6. 2.

3.
IV. Conclusion

4.
The present paper offers a single

straightforward, if slightly lengthy,
means of computing characteristic impedance
for a rectangular center conductor of any 5.
dimensions, which is extremely accurate
not only in most cases of practical inter-
est but also in many cases of academic in-
terest.

6.
Furthermore, the functions F(B) and

G(~] become much less complicated when~is
small; work on a very simple but very accu-
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Table 1. Check on universal impedanc ~Kformula in low and
medium impedance range. e = 1)

o 0.2 0.5 1.0

0 EXACT EXACT EXACT EXACT

Z. = 101.6 Z. = 71.68 20 =b8.54

0,2 EXACT *# ~ ~~~.~ LB = 70.79 LB =48.5o
m= 72.53 U13 =48.61

Est. 101: Est. 71.65 Est. 48.55

Z. = 65.21 Z. =k+~e98 Z. =30e92

*From Ref. 1. Results from Ref. 6: LB = 98.1, UB = 103.7

<
‘t’ >

Table 11. Check on universal impedance
formula for extreme cases. I

T=e = 1)

P
z= 0.01 0.05 0.1

+- ‘“ ‘e-~=
a 0.01 0.05 0.1

0-
Z. = 288.5 188.4 144.7
LB = 280.8 184.2 142.0 . .v
m = 28o.8 184.5 143.4

* )
Fig. 1 - Cross-sectkonal view of strip transmission

line with rectangular center conductor.


